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We study a theoretical model of virtual scanning tunneling microscopy (VSTM)1,2: a proposed
application of interlayer tunneling in a bilayer system to locally probe a two-dimensional electron
system (2DES) in a semiconductor heterostructure. We consider tunneling for the case where
transport in the 2DESs is ballistic, and show that the zero-bias anomaly is suppressed by extremely
efficient screening. Since such an anomaly would complicate the interpretation of data from VSTM,
this result is encouraging for efforts to implement such a microscopy technique.
I. INTRODUCTION
The availability of increasingly clean low-density two-
dimensional electronic systems (2DESs) has allowed ac-
cess to a regime in which electron-electron interactions
play a major role.1–4 Evidence is accumulating from
transport measurements that the physics of this regime is
much richer than was previously appreciated (see Ref. 5
and references therein). In particular, while much is un-
derstood about the two limiting cases, rs ≡ 1/
√
pina2B →
0 (Fermi liquid) and rs → ∞ (Wigner crystal), experi-
ments on systems with intermediate values of rs = 10−30
reveal a host of unanticipated anomalies.5,6 (Here n is the
density of doped electrons or holes and aB is the effective
Bohr radius, aB = ~2/m∗e2, where m∗ is the effective
mass, e is the electron charge, and  is the dielectric con-
stant of the host semiconductor.)
Experimental attempts to understand electron orga-
nization in 2DESs have been based mainly on transport
measurements on large (micron to millimeter) scales. Di-
rect information on the local structure of electronic states
could powerfully elucidate the physics underlying these
transport measurements, including the recently proposed
“electronic microemulsion phases.”6,7 Momentum-space
probes4 and finite-frequency probes8 have provided im-
portant insights, but the residual spatial inhomogeneity
in even the cleanest low-density 2DESs favors the use
of real-space probes. Over the past decade, important
progress has been made in locally probing 2DESs.9–14
However, a 2DES is generally buried ∼100 nanometers
deep in a heterostructure, preventing the use of scanning
tunneling microscopy (STM), which has offered power-
ful insights into 2DESs at surfaces by mapping the local
density of states at low energies.
An ongoing effort to develop a comparable technique
for buried structures – termed virtual scanning tunnel-
ing microscopy or VSTM1,2 – is based on tunneling into
a 2DES not from a scanned metal tip as in STM, but
rather from a second “Probe” 2DES grown above the
2DES of interest (henceforth “Subject 2DES”), within
the same heterostructure. Since the barrier between the
two 2DESs can be made very low by proper design of the
layer structure, and since the Probe 2DES is not perfectly
compressible, it should be possible to tune the barrier at
a particular location by applying a voltage to a sharp
metal tip positioned above the heterostructure surface
(See Fig.1). Separate contact can be made to the Probe
and Subject layers.15 Tunneling between the Probe and
Subject 2DESs would then be strongly enhanced locally
below the tip, and the location of enhanced tunneling
could be scanned across the Sample 2DES by scanning
the metal tip above the heterostructure. Such enhanced
tunneling by over two orders of magnitude has recently
been demonstrated by one of the present authors, though
up to now the enhancement is over large areas as the tun-
ing is done using a large-area gate rather than a sharp
tip.1,2 Moving to a scannable tip will reduce signal size
and require lockin detection techniques to separate local
tunneling current from large area background tunneling.
Work is underway to implement this.
In this paper, we introduce a minimal model for VSTM
– two parallel 2DESs connected by tunneling at a single
point – and use it to address the feasibility of VSTM at
its simplest level. A VSTM setup should meet the fol-
lowing criteria, which our model must address: (i) there
should be sufficient tunneling near zero bias to probe
the low energy physics of interest, (ii) the tunneling rate
should be sensitive to the local density of states at the
location of tunneling. The first requirement could be vi-
olated if there is a gap or pseudo-gap in the tunneling
density of states near zero energy, caused by long-range
Coulomb interactions. The presence or absence of such
a gap should depend only on the character of long-range
interaction and the screening properties of the 2DESs,
not on the microscopic nature of the tunneling process.
Thus, for simplicity, we study a model problem in which
an electron tunnels from a localized state near the Probe
2DES to a localized state near the Subject 2DES, and
where the only coupling to the 2DESs is through the
Coulomb interaction. This has all the same Coulomb
physics as the more general problem in which the tun-
neling electron goes directly from one 2DES to the other.
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However, in the latter case there are potential compli-
cations related to the fact that the tunneling electron is
not distinguishable from the electrons that are doing the
screening; the justification for ignoring exchange effects
in this latter problem has been discussed by Levitov and
Shytov.16
If transport in the two 2DESs is diffusive, the well
known “zero-bias anomaly” occurs as a consequence of
the inefficient screening of charge in 2D. Specifically, in
2D the conductivity has units of velocity and hence the
Coulomb energy E(t) ∼ e2/R(t) associated with adding
a charge to a 2D system decays with time in propor-
tion to the screening radius R(t) ∼ σt. The path inte-
gral formulation of the problem results in an action that
logarithmically diverges at small bias for tunneling into
such a system. The result is a strong suppression of the
tunneling rate near zero-bias,16–19 violating criterion (i).
Moreover, the tunneling rate has a dominant contribu-
tion from long-distance physics, violating criterion (ii).
Our central result states that in the clean limit (infinite
mean free path `), even in 2D, screening is sufficiently
efficient to make the tunneling action at zero-bias finite
and hence no zero-bias anomaly occurs. In this regime,
the tunneling rate can be calculated perturbatively and
is proportional to the local density of states. Our results
indicate that using VSTM to probe the low energy local
density of states should be feasible, if the 2DES of interest
is clean enough.
Naturally, in any real system, ` is never infinite. The
screening at asymptotically long distances, and hence
the tunneling spectrum at asymptotically low energies,
is always diffusive. Therefore, at low enough energies,
the pseudo-gap behavior of Levitov and Shytov will be
recovered.16 The crossover between ballistic and diffusive
screening occurs on length scales, `, and hence affects the
tunneling spectrum at energies below Eco ∼ e2/(`) =
AEF (1/rs)(σQ/σ), where  is the dielectric constant of
the semiconductor, EF is the Fermi energy, σ is the con-
ductivity of the screening electron gas, σQ = e
2/h, and
A = 2
√
2pi.
The outline of this paper is as follows: In section II,
we present the model, which treats the tunneling elec-
tron as a two state system and the remaining electrons
in the 2DES that interact with the tunneling electron as
the “bath” degree of freedom. In section III, we calcu-
late the tunneling rate to lowest order in the tunneling
matrix element. Finally, in section IV, we discuss the
implications of our results.
II. THE MODEL
We consider a simple model that captures essential as-
pects of the VSTM setup sketched in Fig. 1. Our model
consists of two 2DESs characterized by 2D Fermi liquids
with electron densities, ρ1 and ρ2, separated by a dis-
tance a. A voltage bias, Vbias, is applied across a single
tunneling center at the origin (see Fig. 2). We treat the
Sample 2DES
Probe 2DES
FIG. 1. A schematic depiction of the proposed VSTM setup
where an applied voltage by an actual tip induces a virtual tip
in the probe 2DES which can then measure the sample 2DES
via a tunneling process. Figure courtesy of Adam Sciambi.1
FIG. 2. A tunneling electron in state σz = +1 in the upper
layer (probe 2DES), interacting with charge density at posi-
tion ~r in the same layer and charge density at position ~r′ in
the lower layer (Subject 2DES).
tunneling electron as a two-state system represented by
σz = ±1 in the limit of a small bare tunneling matrix
element ∆. The tunneling electron interacts with the
density fluctuations of the 2DESs via a Coulomb inter-
action.
In the ballistic transport limit, the action for this sys-
tem is
S [ρ1, ρ2,, σz] = Sσ + Sσ,ρ (2.1)
Here Sσ is the bare tunneling action in the absence of
any interactions and Sσ,ρ is the action for the rest of the
(“bath”) electrons, which we treat in the context of linear
response theory:
Sσ =
1
2
Vbiasσz − 1
2
~∆σx, (2.2)
Sσ,ρ =
∫
dω
(2pi)
∫
d2q
(2pi)
2
[
ρ†Kρ+ σ†Vρ
]
, (2.3)
2
where σ = (1/2) < [1 +σz(q, iω)], [1−σz(q, iω)] >, ρ =<
ρ1(q, iω), ρ2(q, iω) >, and
K =
(
χ−11 (q, iω) V (q)
V (q) χ−12 (q, iω)
)
(2.4)
V =
(
U1(q)−V (q) 0
0 U2(q)−V (q)
)
.
χi denotes the density correlation function in each layer i,
V (q) denotes inter-layer interaction andV is the coupling
between the tunneling electron and the “bath” electrons
through the intra-layer (U(q)) and inter-layer (V (q))
Coulomb interaction. For simplicity we restrict our-
selves to the symmetric case χ−11 (q, iω) = χ
−1
2 (q, iω) =
χ−1(q, iω) and U1 (q) = U2 (q) = U(q), although the gen-
eral case can be treated in an identical fashion.
Since Eq. (2.1) is quadratic, ρi’s can be readily inte-
grated out to yield
S [σz] =
∫
dω
2pi
[
1
2
Vbiasσz (iω)− 1
2
∆σx (iω)
]
+S0, (2.5)
where
S0 [σz] ≡ −
∫
dωd2q
(2pi)3
[(U (q)− V (q)]2 |σz (iω)|2
χ−1 (q, iω) + V (q)
. (2.6)
Here, the effect of correlations in the 2DESs is encoded in
χ(q, iω). We treat the correlation effects at zero temper-
ature, through RPA, in the rest of this paper; however,
the form of the action in Eqs. (2.5-2.6) is more gen-
eral. The finite temperature calculation is considerably
messier but not substantively different. The temperature
enters the problem primarily through the modification of
the screening properties of the conducting planes. This
means that at temperatures low compared to the Fermi
energy, where the experiments of interest will be car-
ried out, the effects of finite temperature are expected
to be not only continuous, as in the polaron problem,20
but small as well. The semiclassical results of Levitov
and Shytov16 can be reproduced in this formalism if χ is
taken to be the susceptibility of a diffusive 2DES instead
of a ballistic 2DES.
III. PERTURBATIVE CALCULATION OF THE
TUNNELING RATE
A. Evaluation of the Action
We evaluate the action Eqs. (2.5-2.6) using the RPA
expression for χ in the clean limit:
χ (q, iω) ≈ χ
o
2D(q, iω)
1− U (q)χo2D(q, iω)
, (3.1)
where the bare density correlator at zero temperature is
χo2D(q, iω) = −νo
(
1− |ω|√
ω2 + (vF q)2
)
. (3.2)
νo = kF /pivF is the bare density of states per volume
at the Fermi surface. Furthermore, we assume that
the distance a between the two 2DESs sets the short-
est length scale and hence serves as the UV momentum
cutoff.21 We then make use of the approximate expres-
sion U (q)− V (q) ≈ 2piae2 +O
(
(|q| a)2
)
to lowest order
in |q|a. This makes it possible to explicitly perform the
q integral in Eq. (2.6) to yield
Seff(τ) = Sσ +
1
2
∫ 1/τ0
1/τ
dω
2pi
|σz (iω)|2 κ(ω), κ(ω) ≡ α
2ω2
4pi2νov2F (1 + α)
(vFaω)2 − 2α log
[(
vF
aω
)
(1 + α)
2
]
(1 + α)
 , (3.3)
We define the dimensionless parameter α ≡ 2piae2νo =
2pia/aB and the UV frequency cutoff 1/τ0 = vF /a. Ap-
plying the analysis of Levitov and Shytov16 to this ef-
fective action, it is easy to see that the accommodation
time and the action at zero-bias are finite; therefore, the
tunnelling rate can be computed perturbatively in ∆ as
we do explicitly in the next section.
B. Tunneling Rate
The effective action Seff in section (III A) is of the same
general form as for the “spin-boson” problem, in which
the heat bath is treated as a collection of Harmonic oscil-
lators. The heat bath of phonons is typically defined in
terms of a spectral distribution function, J(ω), which is
simply the Hilbert transform of the kernel κ(ω) in section
(III A):
κ (ω) =
1
pi
∫ ∞
0
dω′
(
ω′
ω2 + ω′2
)
J (ω′) , (3.4)
where
J (ω) = Aω2e−ω/Ω, (3.5)
and
A =
1
4piνov2F
(
α
1 + α
)3
,Ω =
vF (1 + α)
a
. (3.6)
3
Changes in the form of the high frequency cutoff in the
spectral distribution function, J(ω), result in a frequency
independent additive correction to the kernel, κ(ω). In
turn, this additive constant produces only an (unimpor-
tant) additive correction to the ground-state energy that
is not involved in the dynamics. The low frequency be-
havior J ∼ ωx is conventionally classified22 as “super-
Ohmic” for x > 1 (the present case) where perturbation
theory is applicable, ”Ohmic” for x = 1 (which is ob-
tained in the diffusive case), and “subOhmic” for x < 1
which requires non-perturbative methods.
With the spectral function in hand, following the steps
of Ref. 22, the tunneling matrix element to second order
is
τ−1 (Vbias) = pi2~∆˜2δ (Vbias) (3.7)
+
pi~∆˜2
ε
√
ε
2Vbias
I1
(√
Vbias
ε
)
e−Vbias/~Ω.
Here I1(x) is a modified Bessel function of the first kind,
ε ≡ pi~22A ∝ εF has the dimension of energy, and A and
Ω are defined in Eq. (3.6). We note that the effect of
Coulomb interaction enters the tunneling rate through
the renormalized tunneling matrix element
∆˜ = ∆ exp
−√2rs
2pi
(
1
1
2
(
aB
a
)
+ 1
)2 . (3.8)
rs = (1/npi)
1/2
a−1B is the ratio of the Coulomb interac-
tion energy to the kinetic energy, n is the electron den-
sity, and aB is the effective Bohr radius. Tunneling is
suppressed for lower density, i.e. for larger rs. The most
notable feature of our results in Eq. (3.7) and Eq. (3.8)
is the existence of an “elastic” term proportional to the
Dirac delta function δ (Vbias), which dominates the tun-
neling rate in the Vbias → 0 limit. This term is absent
in the Ohmic and sub-Ohmic cases due to the vanish-
ing overlap (infrared catastrophe) between the σz = ±1
unperturbed ground states. This proves the existence of
a finite tunneling amplitude at zero bias. To illustrate
this point, consider tunneling at T=0 not between two
individual states but rather between two systems with
density of states ρ1(E) and ρ2(E), respectively, to model
local tunneling between two Fermi liquids. The tunneling
current for V > EF is then given by
I(V ) ∼
∫ V−EF
0
dE1ρ1(EF + E1)
×
∫ E1
0
dE2ρ2(EF + E2)τ
−1(E1 − E2). (3.9)
If we assume particle hole symmetry, ρj(EF + Ej) =
ρj(EF − Ej) for j = 1, 2, we expect the tunneling cur-
rent to be odd with respect to V − EF . In addition,
if we assume tunneling into a constant density of states
ρ1(EF + E1) = ρ1 and ρ2(EF + E2) = ρ2 and combine
the tunneling results for V > EF and V < EF , then the
tunneling current is
I(V ) ∼ρ1ρ2pi2~∆˜2(V − EF )[1 + 1√
32pi2
( |V − EF |
ε
)
+O
( |V − EF |2
~Ωε
)
]. (3.10)
IV. SUMMARY
In general, the zero-bias anomaly in tunneling into
2DESs reflects the qualitative effects of Coulomb inter-
actions on the tunneling process. While these effects are
interesting in their own right, in the context of VSTM
they could represent a barrier to obtaining information
on single-particle density of states. Through an explicit
calculation we have shown that in a system where in-
plane transport is ballistic and screening is efficient, tun-
neling is only modestly suppressed by Coulomb effects
even in the limit of zero bias. This implies that VSTM
will be capable of probing the low energy physics of clean
2DESs through tunneling. The main purpose of the cur-
rent paper was a proof of principle, hence we limited
ourselves to the simplest possible application of VSTM.
There are many other systems to which VSTM might be
applied where other considerations may be necessary, in-
cluding tunneling in a magnetic field and tunneling into
a non-Fermi liquid. These issues will be the subjects of
future studies.
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